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Preliminaries

C, D, . . . range over categories

X ,Y , . . . over objects in a speci�ed category

f : X → Y , g , . . . over morphisms, X → Y over unnamed
morphisms
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Initial Objects

De�nition

An object I in a category C is an initial object if, for every object
X in C, ∃!f : I → X .

Examples

In Set, ∅
In Grp, 〈{1} , ·〉
In Rng (with unitary morphisms), Z
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Terminal Objects

De�nition

An object T in C is a terminal object if, for every object X in C,
∃!f : X → T .

Examples

In Set, any singleton set

In Grp, 〈{1} , ·〉
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Zero Objects

De�nition

An object Z in C is a zero object if it is both an initial and
terminal object.

Examples

In Set, no zero objects

In Grp, R-Mod, trivial
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Pullbacks

De�nition

Let f : X → Z , g : Y → Z be two morphisms in C. The pullback
of f and g is a triple 〈P, p1 : P → X , p2 : P → Y 〉 such that the
following diagram commutes:

P
p2 //

p1

��

Y

g

��
X

f
// Z

and which satis�es a certain universal property (shown in a minute).
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Pushouts

De�nition (Dual of Pullback)

Let f : Z → X , g : Z → Y be two morphisms in C. The pullback
of f and g is a triple 〈P, i1 : X → P, i2 : Y → P〉 such that the
following diagram commutes:

P Y
i2oo

X

i1

OO

Z
f

oo

g

OO

and which satis�es a certain universal property.
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Universality

Universality of Pullback

〈P, p1, p2〉 is a pullback i� it satis�es the universal property that for
any other 〈U, u1, u2〉 that �completes the square�, ∃!k : U → P .
The dual universal property must hold for pushouts as well.

U

u2

��

u1

""
k

��
P p2

//

p1

��

Y

g

��
X

f
// Z
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Mono- and Epimorphisms

De�nition

A morphism f : X → Y is called a monomorphism if, for every
g1, g2 : Z → X , fg1 = fg2 ⇒ g1 = g2.

De�nition

A morphism f : X → Y is called an epimorphism if, for every,
g1, g2 : Y → Z , g1f = g2f ⇒ g1 = g2.

Examples

In concrete or abelian categories, injective (resp. surjective)
homomorphisms.
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Preservation by Pullback/Pushout

Fact

Pullbacks preserve monomorphisms, pushouts preserve

epimorphisms. In pushout:

P Y
i2oo

X

i1

OO

Z
f

oo

g

OO

g epi ⇒ i1 epi.
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Normal Morphisms

De�nition

A monomorphism is normal if it is the kernel of some
morphism

An epimorphism is normal if it is the cokernel of some
morphism
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An Abelian Category

De�nition

An abelian category is a category C such that

there is a zero object in C
C has all pullbacks and pushouts

all mono- and epimorphisms are normal

Motivating Example

Ab, category of abelian groups
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Injective Object

De�nition

An object X in C is an injective object if for every diagram of the
following form (with exact row)

0 // A
i //

f
��

B

X

∃g : B → X such that gi = f .
The dual notion is that of projective object.
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Enough Injectives

De�nition

A category C is said to have enough injectives if for every object
X of C, there exists a monomorphism from X to an injective object.
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Injective Resolution

De�nition

A long exact sequence of the form

0→ X → I0 → I1 → · · ·

, where each Ii is an injective object, is called an injective

resolution of X .
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Construction

Proposition

Let C be an abelian category that has enough injectives. Then

every object X of C has an injective resolution.

Proof.

0→ X → I0
p1→ X ′ → 0 exact (I0 injective, X ′ quotient object)

i1 : X
′ → I1 monomorphism, I1 injective

0→ X → I0
i1p1−→ I1 exact

Enough injectives ⇒ iterate ad in�nitum
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R-mod Abelian

Claim

For any ring R , the category R-mod of left (or right) R-modules is
an abelian category.

Remark

Earlier, noted that the trivial module is zero object.

Exercise

Verify that R-mod has all pullbacks and pushouts and that all its
mono- and epimorphisms are normal.
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Prelim: Abelian Groups

Theorem

Every abelian group A can be embedded in an injective one.

Note

An abelian group (Z-module) is injective if and only if it is divisible.

Proof

A abelian group, S any set of Z-module generators of A

A ∼= F (S)/K [K = ker (F � A)]

Q (S) = free Q-module on S , Q (S) ∼= ⊕Q
Q divisible Z-module ⇒ Q (S) divisible, hence injective
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Prelim: Abelian Groups (cont.)

Theorem

Every abelian group A can be embedded in an injective one.

Proof (cont.)

K Z-submodule of Q (S)

Quotients of injective modules (over P.I.D.) injective ⇒ Q(S)/K
injective

But now we have A ∼= F (S)/K ⊆ Q(S)/K
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Another Way to Look At It

Theorem

Every abelian group A can be embedded in an injective one.

Sub-proof

Q (S) // B

F (S)
?�

OO

// // A

OO

F (S) � A⇒ Q (S) � B

Q (S) � B ⇒ B divisible module

commutes ⇒ A ↪→ B
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R-mod Has Enough Injectives

Theorem

Any R-module M can be embedded in an injective R-module

Proof Idea/Sketch.

I injective R-module ⇒ homZ (R, I ) injective R-module

M ⊆ Q, Q an injective Z-module

homR (R,M) ⊆ homZ (R,M) ⊆ homZ (R,Q)

M ∼= homR (R,M) ⊆ homZ (R,Q) which is injective

Corollary

R-mod has enough injectives.
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Setting the Stage

hom (A,_) left exact; right derived functors are ExtiR (A,B)

R-mod has enough projectives. Then TorRi (A,B) left derived
functor of A⊗R _
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Further Reading

Popesco 1978, Abelian Categories with Applications to Rings

and Modules

Cohn, Further Algebra and Its Applications
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